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Abstract 

Recently Amelino-Camelia proposed a "Doubly Special Relativity" 
theory with two observer independent scales (of speed and mass) that 
could replace the standard Special Relativity at energies close to the 
Planck scale. Such a theory might be a starting point in construction 
of quantum theory of space-time. In this paper we investigate the quan- 
tum and statistical mechanical consequences of such a proposal. We con- 
struct the generalized Newton- Wigner operator and find relations between 
energy /momentum and frequency /wavevector for position eigenstates of 
this operator. These relations indicate the existence of a minimum length 
scale. Next we analyze the statistical mechanics of the corresponding 
systems. We find that depending on the value of a parameter defining 
the canonical commutational algebra one has to do either with system 
with maximal possible temperature or with the one, which in the high 
temperature limit becomes discrete. 
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1 Introduction 



One of the cornerstones of the XXth century revolutions in physics, which 
opened an opportunity to construct both relativistic theory of gravity and quan- 
tum field theory was the Special Theory of Relativity. It is therefore tempting to 
suggest that the a good starting point to construct the quantum gravity might 
be a proper modification of Special Relativity. An attempt to construct such a 
theory has been undertaken by Giovanni Amelino-Camelia in two seminal pa- 
pers [0, 1^ (for a up-to-date review see [||) and further developed in [||, 
and [pr. The central idea of this approach is to introduce a second, observer in- 
dependent scale, playing the same role as the speed of light does in the standard 
special relativity. There are some experimental indication, resulting from the 
analysis of the cosmic rays anomalies that this scale is of order of the Planck 
mass (or Planck length) Q. 

It should be stressed that the aim of the programme of construction of this 
"Doubly Special Relativity" (as the theory was dubbed by Amelino-Camelia) 
is to take a class of kinematical symmetries, being an exact counterpart of the 
role played by Poincare symmetry in Special Relativity, as a starting point of 
the more ambitious attempt to understand quantum gravity. There is therefore 
an important conceptual difference between this proposal and works in which 
one tries to dynamically break the Lorentz symmetry ||^, ||^. More detailed 
discussion of this issue can be found in the paper [lO[ |. 

Technically one of the possible realizations of "Doubly Special Relativity" 
is the so called K-Poincare quantum algebra, being a quantum deformation of 
the standard Poincare algebra, derived and analyzed in pT|, p^ , [Oj, |Q, JTsf . 
This algebra contains a mass scale k which was shown in Handel to be ob- 
server independent (of course, the observer independent speed of light is still 
present in the construction and this is the reason for the term "doubly special" .) 
It is worth mentioning that this realization leads directly to unrevealing a non- 
commutative structure of space-time. 

In this paper I would like to extend the results presented in taking 
the Doubly Special Relativity as a starting point. In the next section I will 
briefly recall the quantum algebraic structure of the K-Poincare theory and its 
extension to the whole of the phase space of the one particle-system. In section 
3, following the footsteps of Maggiore I will derive the form of generalized 
Newton- Wigner position operators and try to investigate its physical properties. 
Section 4 will be devoted to statistical mechanics of the K-Poincare systems. The 
last section contains conclusions and some speculations. 

2 Preliminaries 

The K-Poincare algebra, being a quantum algebra is not a Lie algebra, i.e., the 
right hand side of its commutators is not linear in generators. In its definition 
there is therefore much more freedom than in the standard Lie algebra case. 
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since it is possible to replace generators by any one-to-one (differentiable) func- 
tions of them (in the Lie algebra case one can only take linear combinations of 
the generators). This freedom is however severely restricted if one takes into 
account the postulate that the algebra should be (as an algebra of space-time 
transformation) integrable to a group and that there should be a reasonable bal- 
ance between the algebraic and co-algebraic sector (the latter is in one-to-one 
correspondence with the anti-commuting structure of space-time.) If one takes 
this requirements into account the only known candidate for the realization of 
the K-Poincare algebra is the so-called bicrossproduct basis (wc use 

the units in which the universal speed of light c and the Planck constant equal 

1)0: 

[M^^, Mpr] = i (jq^rM^p - r]^pM^r + V^pMpr - VurMpp) , (2.1) 

[Af„ Pj] = le^jkPk , [M„ Po] = , (2.2) 



[N.,P,]-^sJUl~e''^»/^)+^P')- ±P.P„ (2.3) 



2 V J 2k J K 

[N„Po]^iP^, (2.4) 

[P^,P.]^0, (2.5) 

where Pp = {Pi,Po) are space and time components of four- momentum, and 
Mpi, are deformed Lorentz generator^ consisting of rotations Mk = ^CijkMij 
and boosts Ni — Moi, and k is a scale parameter. The Casimir operator of this 
algebra has the form 

= (^2Ksmh(^^^y -P\P^'/\ (2.6) 

Eqs. (|2.l| -|2.6|) describe the algebraic structure of the K-Poincare algebra. 
This algebra is, however, a quantum algebra by construction, so it possesses 
additional sectors. This so-called co- algebra sector is in a direct relation with 
the non-commutativity of space-time. More precisely, if one introduces the 
space-time position operators Xp (not to be confused with the Newton- Wigner 
position operators in space, , to be introduced in the next section), they are 
to satisfy the following commutational relation 

[Xo,Xi] ^ -i- Xi, (2.7) 

K 



Mj, should be noted at this point that the algebra used by Maggiorc jl^ and recently 
by ||l7|], who addressed problems similar to the ones investigated in this paper, are based 
on another representation of /t-Poincare algebra, which, in particular does not integrate to a 
group, and therefore, it seems, is not physically relevant. 

■^Note that the term "deformed" describes the action of boosts on momenta and not de- 
formation of Lorentz algebra. 
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Starting from this relation one can construct the class of generalized canonical 
commutational relations as follows. We assume that 



(2.8) 



and 



(2.9) 
(2.10) 



so that the rotational covariance is manifestly present, and all other commu- 
tators vanish. The Jacobi identity for the algebra (2.8 - 2.1C| ) leads to the 
relation 

+ (2,11) 

$(Po) K 

where, of course, ^'(Po) and $(Po) — ^ 1 when k ^ oo. 

There are two natural solutions of this relation. The one with ^'(Po) = 
0, $(Po) — e~^°^'^ was analyzed in and leads, in particular, to space- 
time equipped with Minkowski metric and the physical speed of light (massless 
modes) equal 1 . The second, with $(Po) = 1, ^'(Po) = 1/k is known in the lit- 
erature as "Heisenberg double algebra" and seems to be more natural from the 
non-commutative geometry pint of view. In this case, however the space-time 
picture (as opposed to energy/momentum space) is not well understood. There- 
fore, for the sake of completeness in this paper I will study the one-parameter 
class of algebras with $(Po) = e"^'^/", where a is real. 



3 The generalized Newton— Wigner position op- 
erator 

In this section we will derive, following the footsteps of Maggiore the posi- 
tion operator and its commutator algebra. The idea is to construct an operator 
generalizing the Newton- Wigner relativistic position operator p^ . 

The first step in the construction is to define a scalar product invariant 
under action of K-Poincare algebra. Here one must be a bit careful, because, 
contrary to the standard case as well as a case considered by Magg iore in , 
the measure d^P is not invariant under boost transformations (|2.3|) , due to the 
presence of the off-diagonal terms in these transformations. Indeed, if we take 

6P. ^ e^N^P^ = (l - e-'^^/^) + - -/ P,P^, 

SPo=s'[N,,Po]=e'P, 
with infinitesimal e and make use of the fact that in n space dimensions 
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we find easily that in the case at hands 



Sd 



in+l p _ 



ne'P, 



K 



m+1 



P. 



We see therefore that the correct invariant measure is given by 



(3.1) 



Now it is straightforward to write down the K-Poincare invariant inner prod- 
uct with the help of the Casimir operator (2.6): 



(27r)" 



e{P^)8 



M^ + P^e^"/" ~ I 2Ksinh 



2(27r)" /(Po) 



where 



^*(P)V(P), 



/(P„)^«(l-e-/^).^ 



^*(P)V(P) 

(3.2) 

(3.3) 



and Po = Pq{P) denotes the positive solution of cq. (2J). One important thing 
should be noted at this point. Namely, it follows from the form of the Casimir 
(U) that the range of P is hmited to the region I? = |p : P^ < K^j (P^ = ^2 

corresponds to Pq = oo.) We therefore define the Hilbert space of functions 
V5, -0, ... to be a space of functions of class L'^i'D). 

Now we can turn to the generalization of the Newton- Wigner position op- 
erator. To construct it, let us assume that 

1. the operator becomes the standard Newton- Wigner operator 

P. 



NW 



-ih 



d 

m 



2P2 



in the limit k — > oo; 

2. it is hcrmitcan with respect to the inner product ( |3.2| ); 

3. the commutator [A:'f,Pj] = [X.„Pj] = -i(5y$(Po), cf. (^. 

Given that the action of rotations in the K-Poincare algebra is standard it is 
natural therefore to postulate 



Xt^~z[aiPo:.K)^^~f3iP„;K)^ 



(3.4) 
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where both a{Po;K) and /3(Po;k) go to 1 when Pq/k ^ 0. In this way we 
satisfied the first requirement; let us now turn to the hermicity condition. Using 
the relation 



dP, Ksinh^ - l^e^oA fiPo) 



2k 

one gets 

-I,- lift/, A"ft/'a(P„;^) 



On the other hand the third condition gives 

a{Po; k) ^ ^Po) (3.6) 

so that the generalized the generalized position operator is now completely de- 
fined. 

Knowing this, we can try to find the velocity of a particle. One easily finds 
that 

BPn pPo/K p 

Xr ^ ^ Po] = a{Po; «)-^ ^ <I>(Po) (3.7) 

Ksinh^ - ^e^o/« 

If we now substitutes $(Po) = e^^"/**, we find 

K = (3.8) 

Ksinh^ - f^e^o/'= 

in a complete agreement with the expression for velocity found in . This result 
provides an important proof of the internal consistency of the scheme presented 
here. 

Knowing ol{Pq\ k), from (3.5) one can easily derive the expression for /3, to 

wit 

^) = [-^ + * — jiP^) • (3.9) 

Using this expression one can readily write down the generalized Newton- 
Wigner position operator 

A--- ,\<i>(P) ^ I e^"/-P. f n^Po) e-P«/-^Po) 
and compute the commutator 

= ^ fl'p^^ (3.10) 

where 

M„ = i { PiJ^ - P,^ 
dP, ^ dP, 
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is a generator of rotations. This result is of course similar to the result of 
Maggiore jl^, simply because the commutator ( |3.10 ) must be proportional to 
angular momentum in order to satisfy, along with (|]^) the Jacobi identity. 
It is worth noticing that we have to do with commuting space if and only if 
$(Po) = 1. 

Knowing the formula for Newton- Wigner position operator we can address 
the question concerning the relation between momentum and wavelength (and 
energy and frequency). To do that let us consider an equation for position 
eigenstate in the one dimensional massless case with ^(Po) = g°-PalK. ^ gy making 
use of the identity e'^^'/'^d/dP = d/dPo and P = /(Pq) (which hold for M ^ 0) 
it is handy to write the eigenfunctions as functions of Pq , to wit 

^^-^(^0) - A'«*4(Po) - 



,(a+l)Po/K 



dPo 

and whose solution is 

*c(Po) exp 



fiPo) 



'^dPo), (3.11) 



+ 



1 - e 



-(a+l)Po/K 



(3.12) 



wh ere ip jPo) is a factor which will be irrelevant for the discussion to follow. 
In (3.12) we adjusted the integration constant so as to assure that the result 
becomes the standard one in the limit Pq/k —>■ 0. 

From ( |3.12| ) one readily finds the relation between momentum and the wavevec- 
tor k = 2n/X, where A is the wavelength (re-introducing h). 



hk 



a + 1 



-(a+l)Po/K 



a + 1 



P 



a+lN 



(3.13) 



To find the relation between frequency lu and energy Pq, we postulate that the 
velocity (|3.8|) equals group velocity: 



duj{Pi 



dk(Po) 

from which it follows immediately that 



P{) = huj. 



(3.14) 



(3.15) 



Of course in the limit Pq/k relations ( 3.13| ), (3.15) become the standard 
ones. Observe that in the case a = —1, k — u, which reflects the fact that for 
a = —1 the space-time metric is Minkowskian, cf. For a < —1 it follows from 
( ^.13 ) that the values of the wavevector belong to the interval k G [0, K/h{a+l)) 
which means that there exists a minimal value of the wavelength 



An 



2Trn{a+ 1) 



(3.16) 
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4 Statistical mechanics 



In this section I will study the statistical mechanics of systems described in the 
preceding section. It should be noted that similar studies has been performed 
in |l9) and ||l^, however the methods used in these papers differ from the one 
to be presented below. 

To start with, consider the partition function^ 

Z = ^e-^^°/^^, (4.1) 

where (3 = 1/kT. The partition function merely expressed the fact that the 
system in consideration is in thermal equilibrium with large thermal bath, so it 
does not depend whatsoever on dispersion relation. However the sum is taken 
over elementary cells in the phase space, which means that the measure of the 
corresponding integral in the large volume limit must be a descendant of the 
phase space Liouville measure. In the standard case this amounts of introducing 
the multiplicative factor h^^ (in 3 dimensions); in the case at hands it follows 
that the right factor i^ h,~^e~^°-^°/'^. Given that, one can readily apply the 
methods of textbook statistical mechanics to compute the internal energy of 
the "deformed" gas of spinless bosons in volume V. In the first step we count 
the number of states with wavevectors between k and k + dk. According to what 
was said above it equals 

^ -3aPo/K 47rfc2^fc. (4.2) 



(27r)3n^ 



It is convenient to express this measure in terms of energy Pq. Using ( 3.13 ) one 
gets 

Then it follows immediately that the internal energy equals 



dfi = ^ f 1 - e-('^+i)^«/'^) e-^^^+'^''"/^ dPo. (4.3) 



f °° p 
U = I dii- ° 







e/3Po _ 1 ■ 

Let us first compute this integral for a = — 1. Taking the limit, we find 



U ■ 



V r°° 
In-^K" Jo 



2/3 Po _ 1 ' 

^ Since we will be interested mostly in the high temperature regime, to make computations 
simpler and more transparent we will consider the massless case only, M = 0. 

*To find the Liouville measure one computes the determinant of the symplectic form, i.e., 
the determinant of the matrix of Poisson brackets of phase space variables and multiplies it by 
an appropriate power of h. It is easy to see that the [^,^] commutator does not contribute 
to this determinant. 
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which can be easily evaluated in terms of the third derivative of the digamma 
function ip: 



U = 



V 



■ k^T^^//^^ 1 



3kT 



(4.4) 



where we replaced f3 with 1/kT. For low temperatures {kT/ k ^ 1) this formula 
reproduces, of course, the standard result ?7 ~ up to the terms of order 
0{{kT)^ / k). It is also clear that the internal energy (4.4) diverges for tempera- 
tures kT > k/3. We see therefore that in this case we have to do with limiting 
(Hagedorn) temperature. 

To find an expression for pressure V we make use of the second law of 
thermodynamics which can be rephrased in the form of the differential equation 



U 
V 



T 



dP 
dT 



(4.5) 



from which and (4.4) it follows immediately that 



V = - 



1 



f (fcr)^ ("l - ^ ikT f V/ (i - ^) 



-^(fcr)V.(i 



3fcT 



2-iK^kT 
27 ' 



(4.6) 



where the last term, corresponding to the integration constant has been fixed 
so that in the limit T — > 0, u = 3P, and 7 is the Euler gamma constant. Again, 
for kT — *■ k/3, the pressure diverges. 



Let us now turn to the case a > — 1. From the form of the integral it is 
clear that the internal energy would behave qualitatively similarly to the case 
considered above (there is a maximal temperature) if a < —1/4. Indeed we find 



U 



27r2?i3(a + 1); 



{kTf 



V-' 1 + 



(1 +4a)fcT\ 
K ) 

(3 + %a)kT 



27/-' 1 + 



(2 + 5a)fcr 



(4.7) 



Again, by making use of (4.5) we find an expression for pressure 



Vtc' kT 



27r2;i^(a + 1)2 
1 



1 



3(1 + 2a) 



^ 1 + 



4a 
3(1 



1 + 



(1 + 4a)fcr 



2a)fcr 



2 + 5a 
27(1 + a)2 



^ 1 + 



(2 + 5a)fcr 



(4.8) 



3(l + 2a)(l + 4a)(2 + 5a)_ 

We see therefore that for a > — 1/4 there is no maximal temperature and in 
the hogh temperature limit the internal energy behaves as 



V ~ Vk-^ kT. 



(4.9) 
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This result is of extreme interest if one recalls that in d space dimension internal 
energy for the standard gas of bosons behaves as ~ T'*+^. One could therefore 



interpret (4.9) as the fact that at high temperature the system becomes zero- 
dimensional, in other words it possesses only finite number of degrees of freedom. 
It is worth recalling at this point the formula for internal energy of a crystal 
consisting of N atoms at high temperature limit: 

Ucr = Uo + mkT, (4.10) 

where Uq is the zero point energy. Comparing these two formulas we see that 
one can identify 

Nr^VK^ (4.11) 

which, since k is of order of the inverse of the Planck length, indicates that at 
high temperatures we have to do with a system whose degrees of freedom are 
confined in elementary cells of Planck volume each. This implies in turn that at 
high temperatures the Hilbert space of the system becomes finite dimensional. 



5 Conclusions and outlooks 

Let us summarize the major result of this paper. 

First of all we constructed the generalized Newton- Wigner position opera- 
tors which can be treated as a first step in investigations of quantum mechanical 
properties of the systems with two observer independent scales. It turns out 
that, except for the case a = 0, these position operators do not commute, which 
reflects the noncommutative structure of space-time we started with. Using 
these operators we constructed position eigenstates, and comparing them with 
the analogous states of the standard quantum mechanics we found relation be- 
tween energy/momentum and frequency /wavevector that indicate the existence 
of a minimal length. Finally we investigated the statistical mechanics of dou- 
bly special systems, discovering that there are two possible high temperature 
regimes: one with maximal temperature and the second in which the system 
becomes effectively zero-dimensional. 

It would be of extreme interest to further investigate the physical properties 
of the systems described in this paper. In particular, it would be very interesting 
to understand the physical nature of maximal temperature effect for a < —1/4, 
namely is it "real", or merely expresses a limitation of thermodynamical limit. 
On the other hand, the results in the case a > —1/4 seem to support the naive 
expectation that at ultra-high energy regime we have to do with one degree 
of freedom per Planck volume. A question arises as to if this result can be 
reconciled with the holographic principle pO| , which is regarded by many to 
be a fundamental principle of Planck scale physics. These questions will be 
addressed in a future publication. 
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